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conditions are shown; recent results are generalized for interpolated controllers. On the
basis of these results, an application to the closed-loop transition control of a continuous
stirred-tank reactor, where a single exothermic reaction takes place, is presented. A
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Introduction

During plant operation, variations in operating conditions
may occur frequently. For example, in polymerization plants,
grade transition operations are normally carried out when poly-
mer properties are modified to reflect the production of new
polymer materials.1,2 Such grade transition operations consist
of predetermined setpoint changes. Batch operation, startup
and shutdown of continuous equipment, are also industrial
examples where processing conditions might vary widely.
Even if the plant is located within the nominal design region,
process upsets might hit the system so that excursions away
from the nominal operating region might be expected. The
existence of chemical processes with wide variations in oper-
ating conditions may impose some control problems since
closed-loop control systems are normally designed, based on
information about nominal design conditions. Therefore, con-
troller performance might degrade if process conditions are
radically different from the nominal ones.

Some approaches suggested to cope with the closed-loop tran-

sition control of plants with wide variations in process dynamics
could be classified as control structures that use a control law and
an observer scheme. Under this category, adaptive control tech-
niques,3 and model predictive controllers4 are embedded. Such
control schemes are attractive, but they might be difficult to
design, implement and maintain due to complexities in the con-
troller and observer design. A more simple control technique
involves the use of the so-called gain-scheduling controllers. In
this technique a family of plants is derived (that is, around a
tracking reference signal), and a set of controllers is designed for
each plant within the set of family plants. A switching strategy is
used to decide which controller should be used. Using this ap-
proach simple PI controllers could be used to cope with the
closed-loop control of plants where wide variations in process
conditions and plant dynamics are expected.

It has been reported that up to 90–95% of the industrial
controllers are of PID type.5 This is so because PID controllers
are easy to design and easy to tune by plant personnel. Indus-
trially, these controllers are often tuned by trial and error
procedures, based on heuristics and on plant experience; if
process conditions change drastically, such controllers may
need retuning. However, it is a well known fact that PID based© 2005 American Institute of Chemical Engineers
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control systems do not perform well for plants with process
gains that change sign among operating regions. Also, if con-
troller parameters are fixed, these types of feedback systems
may not be able to cope with wide variations in process
dynamics. There are some ways to improve simple PID control
if some kind of automatic tuning, gain scheduling or continu-
ous adaptation is incorporated into the design process.5

One the main objectives of the analysis tool described in this
paper is to provide analysis results, and make some comments
regarding the control law. In addition, when considering inter-
polated control standard techniques of gain-scheduling or in-
terpolated control might be used. Accordingly, the problem of
simultaneous robust stabilization of a structured multiparam-
eterized family of SISO linear plants is addressed. Two new
results about interpolated controllers for plants with variable
operating conditions are presented, these results generalize
recent results by 6. For this purpose, a set of interpolating
controllers is designed. In this approach an “interpolated” con-
troller, is considered as a linear interpolation of coprime fac-
torizations of stabilizing controllers for the representative mod-
els as described in 7. In addition, the results provide sufficient
conditions for a controller to be an interpolated controller
which simultaneously stabilizes the family of plants. One of
these results is based in sums of Hurwitz polynomials, the other
result uses units in the set of SPR0 (strictly positive real of
relative zero degree) functions. This approach is useful for the
synthesis of controllers that stabilize linear parameter-varying
systems in which the parameter is piecewise constant and does
not change often. There exist several examples of practical
systems, which can be modelled in this form.6,8,9 Another
important feature of interpolated controllers refers to failure
tolerant characteristics, meaning that if one or several control-
lers break down the stabilization of the interpolated plant is
guaranteed as long as least one controller works properly.

This article outlines as follows. In the first section some
preliminary concepts to prove closed-loop stability of the in-
terpolated controller are given. In the second section, the sta-
bilization of a linear SISO interpolated plant with variable
operating conditions using an interpolated controller is consid-
ered. In the third section, the interpolated control approach is
applied to the transition control of a continuous well stirred
tank reactor. This section also contains the interpolated plant
and control representation, tuning of the interpolated controller
and discussion of the results obtained in this work. The fourth
section contains the conclusions of this article. The appendix
section contains the mathematical proofs of the two main
results of our work.

Preliminaries

In this section definitions and notation necessary for the
theoretical part of this work are presented.

Let RH� be the set of the proper, stable, and rational real
functions. U(RH�) is the set of the units in RH�, that is,
invertible elements in the set of units RH�. The following fact
is used in this article.

Fact 1. The following two statements are equivalent:
1. The convex combination of two Hurwitz polynomials p(s)

and q(s)

�p�s� � �1 � ��q�s� for � � �0, 1�

is a Hurwitz polynomial.
2. The convex cone of two Hurwitz polynomials p(s) and

q(s)
ap�s� � bq�s� for a and b positive reals

is a Hurwitz polynomial.
The earlier fact is consequence of the following substitution

� �
a

a � b
and �1 � �� �

b

a � b

note that fact 1, can be generalized for the convex combination
of n Hurwitz polynomials. In the rest of the article we use the
notation a and b. It is important to observe that this equiva-
lence does not mean that the stability of two polynomials imply
the stability of the convex combination; it only establishes the
equivalence between the two statements. Recall that any real
polynomial p(s) can be represented as

p�s� � pe�s2� � spo�s2� (1)

where pe(s2) is the even part of p(s) and po(s2) is the odd part
of p(s). In order to discuss next results the following plant
families are defined.

The family given by

F1T � �g(s) : g(s) �
a1N1(s) � · · · � aTNT(s)

a1D1(s) � · · · � aTDT(s)� (2)

pi�s� �
Ni�s�

Di�s�
for i � 1, . . . , T (3)

where Ni(s) and Di(s) are real polynomials, deg[a1D1(s) �
. . . � aTDT(s)] � n, @ a1, . . . , aT � �� � {0} or @
a1, . . . , aT � �� � {0} and deg Ni(s) � deg Di(s) � m for
i � 1, . . . , T.

Stabilization by Interpolated Controllers

In this section, the stabilization of a linear time-invariant
single-input/single-output interpolated plant with variable op-
erating conditions using an interpolated controller, in a similar
way to 6, is addressed. This section also contains the two main
theoretical results of this work. The interpolated controller
design task is also addressed in this section. The formulation of
the problem for the first result is as follows.

Let us take the closed-loop system of a plant gab(s) and a
controller cxy(s)

gab�s�

1 � cxy�s� gab�s�
(4)

Let g1(s) � [N1(s)]/[D1(s)] and g2(s) � [N2(s)]/[D2(s)] be
two representative transfer function models of gab(s), which
are defined at two different operating points.

(a) For an operating point located somewhere between the
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representative ones, the transfer function of the plant gab(s) is
described by a linear “interpolation” of the polynomials nu-
merator and denominator as gab(s) � N(s) D�1(s) with

N�s� � aN1�s� � bN2�s� (5)

D�s� � aD1�s� � bD2�s� (6)

where a, b � � are two parameters which represent the
change of plant dynamics such that a, b are not both simulta-
neously equal to zero.

(b) The operating conditions do not change so often such
that the parameters a, b can be identified from some informa-
tion about operating conditions.

A controller which can cope with plant dynamics variations
is now introduced. Let c1(s) � [Nc1(s)]/[Dc1(s)] and c2(s) �
[Nc2(s)]/[Dc2(s)] be two stabilizing controllers for the repre-
sentative models g1(s) and g2(s), respectively. Consider an
interpolated controller cxy(s) � Nc(s) Dc

�1(s), where

Nc�s� � xNc1�s� � yNc2�s� (7)

Dc�s� � xDc1�s� � yDc2�s� (8)

x, y � � are two parameters which represent the change of
controller dynamics such that x, y are not both simultaneously
equal to zero.

The objective of this section is to present sufficient theoret-
ical conditions such that the interpolated controller cxy(s) will
be able to stabilize the interpolated plant gab(s) for a, b. The
results obtained are Kharitonov-like stability for interpolated
controllers. In addition, the interpolated controller cxy(s) (fam-
ily of controllers) simultaneously stabilizes each plant in F12.
We now present the first stability result about interpolated
controllers.

Proposition 1. The interpolated controller

cxy�s� �
xNc1�s� � yNc2�s�

xDc1�s� � yDc2�s�

stabilizes the family of plants F12 @ a, b, x, y � �� or @ a,
b, x, y � �� where the a, b, x, y parameters are not
simultaneously equal to zero. If the following 16 polynomials:
qi

e(s2) � sqj
o(s2) are Hurwitz for i, j � 1, 2, 3, 4 with, and

deg qi(s) � m, that is, the order of the polynomials are
invariant for i � 1, 2, 3, 4, where

N1�s� Nc1�s� � D1�s� Dc1�s� � q1
e�s2� � sq1

o�s2� � q1�s�

N2�s� Nc2�s� � D2�s� Dc2�s� � q2
e�s2� � sq2

o�s2� � q2�s�

N2�s� Nc1�s� � D2�s� Dc1�s� � q3
e�s2� � sq3

o�s2� � q3�s�

N1�s� Nc2�s� � D1�s� Dc2�s� � q4
e�s2� � sq4

o�s2� � q4�s�

(For the proof see the Appendix).
Using Fact 1, this result can be interpreted as if the interpo-

lated controller given by

c��s� �
�Nc1�s� � �1 � �� Nc2�s�

�Dc1�s� � �1 � �� Dc2�s�
(9)

would be able to stabilize the interpolated plant

g��s� �
�N1�s� � �1 � �� N2�s�

�D1�s� � �1 � �� D2�s�
(10)

for all �, � � [0, 1], providing the conditions of proposition 1
are met. Therefore, proposition 1 is stronger than the results
stated in 6, because in this case it is possible that � 	 �, and
more important, each controller in the family cxy(s), simulta-
neously stabilizes all family of plants F12. For itself this
property can be understood as a fault tolerant control charac-
teristic, meaning that if some or several controllers break down,
but at least one of them works correctly, the stabilization of the
interpolated plant is guaranteed. But in our result, proper stable
coprime factorizations of the plants were not used. This fact
motivates us to present a result that uses proper stable coprime
factorizations, that will be stated in proposition 2.

Note that using a similar proof of proposition 1 (see the
Appendix), this result for the family F1T and the interpolated
controller

c�s� �
a1Nc1�s� � · · · � aTNcT�s�

a1Dc1�s� � · · · � aTDcT�s�
(11)

can be generalized. The formulation of the problem for the second
result is the same, but in this case the F2 family will be given by

F2 � �gab(s) : gab(s) �
an1(s) � bn2(s)

ad1(s) � bd2(s)� (12)

with a, b � R� or a, b � R� where the a, b parameters are
not simultaneously equal to zero, with n1, n2, d1, d2 � RH�;
n1, d1 is a proper stable coprime factorization of g1(s) �
[n1(s)/d1(s)], while n2, d2 is a proper stable coprime factor-
ization of g2(s) � [n2(s)]/[d2(s)], and deg[ad1(s) � bd2(s)]
� m. The interpolated controller is given by

c� uv�s� �
unc1�s� � vnc2�s�

udc1�s� � vdc2�s�
(13)

with u, v � R� or u, v � R�, where the u, v parameters are
not simultaneously equal to zero with

nc1 � x1 � r1d1, dc1 � y1 � r1n1

nc2 � x2 � r2d2, dc2 � y2 � r2n2

Proposition 2. The interpolated controller c�uv(s) stabilizes
the family of plants F2; @ a, b, u, v � R� or @ a, b, u, v �
R�, where the a, b, u, v parameters are not simultaneously
equal to zero with

x1n1 � y1d1 � 1 (14)
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x2n2 � y2d2 � 1 (15)

if the following condition is met:
(1) There exist r1, r2 � RH�, such that the following two

rational functions

n2x1 � d2y1 � r1�d1n2 � n1d2� (16)

n1x2 � d1y2 � r2�d2n1 � n2d1� (17)

are strict positive real functions of zero relative degree (For
the proof see the Appendix).

Note that by theorem 5.4.2 in 7 and since Eqs. 16 and 17 are
units, both plants g� 1(s) � [n1(s)]/[d1(s)] and g� 2(s) �
[n2(s)]/[d2(s)] are simultaneously stabilized by each one of
the controllers c�1(s) � [nc1(s)]/[dc1(s)] and c�2(s) �
[nc2(s)]/[dc2(s)].

Using fact 1, the proposition 2 can be interpreted exactly as in
the results shown by 6, furthermore each controller in the inter-
polated controller, simultaneously stabilizes all the family F2. The
same comment stated for proposition 1 regarding fault tolerant
control characteristics is valid for this proposition as well.

It is worth mentioning that both propositions 1 and 2 estab-
lish proofs of simultaneous stabilization of all family of plants
generated by the interpolated plants for each one of the con-
trollers obtained from the interpolated controllers. The main
difference between propositions 1 and 2 lies in the fact that,
while in proposition 1 the set of plants and controllers are
described in terms of a quotient of polynomials, in proposition
2 the same set of plants and controllers are represented in terms
of proper and stable rational functions in RH�, that is, in terms
of rational coprime factorizations in the sense of 7.

It is important to stress that one way of using our results is
the following one: If � 	 � then the controllers are able to
simultaneously stabilize the plants for frozen values of the
uncertain parameter. On the other hand, when � � � interpo-
lated controllers should be used. In the last case the parameters
of the controller might be adapted dynamically as a function of
the plant parameters. In this way this sort of control strategy
becomes general compared to control strategies.6,10,11

We must stress that the implications from proposition 2 are
much stronger than those reported in 6. In fact, using proposi-
tion 2 we might be able to stabilize any plant, generated by
interpolating plant description, with any controller obtained
from interpolating controller description. On the other hand,
the results obtained in 6 are more restrictive: a certain controller
can only stabilize the plant for which it was synthesized (that
is, such controller is unable to stabilize any plant generated by
plant description). This is the main theoretical contribution of
this work. The results from propositions 1 and 2 are relatively
easily extended to the case of n plants and controllers. Notice
that the number of polynomials to check is around n with
exponent 4, where n is the number of systems. For this reason,
this method is suitable for at most 4 systems.

SISO Control of an Exothermic Reactor

In this section the tracking closed-loop control of a contin-
uous stirred tank reactor (CSTR), where the single exothermic

reaction A 3 B takes place, is addressed. The dynamic model
of the CSTR is described by the following set of nonlinear
ordinary differential equations11

dCA

dt
�

q

V
�CAf � CA� � koe

�E/RT (18)

dT

dt
�

q

V
�Tf � T� � k1CAe�E/RT � k2qc�1 � e�k3/qc��Tcf � T�

(19)

where

k1 �
�
Hrko

�Cp
(20)

k2 �
�cCpc

�CpV
(21)

k3 �
hA

�cCpc
(22)

where CA and T stand for product concentration and reactor
temperature, respectively. The parameter meaning and nominal
design values are shown in Table 1.

The control objective of the CSTR consists in the transition
control of the product composition (CA) using the coolant flow
rate (qc) as the manipulated variable. For this purpose the
nonlinear plant was linearized around three nominal steady-
states. The operating conditions and transfer function informa-
tion for each design point are shown in Table 2. Simple PI
controllers were designed for each operating point; controller
settings are also shown in Table 2.

Interpolated Plant and Controller

In this work an analysis method is presented and some hints
about the design of the controller are sketched. When the
vertex controllers do not satisfy the sufficient condition for
interpolation, this method is not suitable and other interpolation
method is necessary.

The resulting interpolated plant and controller are now de-
rived. For the case of three plants the following characteristic
polynomial must be Hurwitz

Table 1. Nominal Parameter Values

Volumetric feed flow rate q 100 lt/min
Feed concentration CAf 1 mol/lt
Feed temperature Tf 350 °K
Inlet coolant temperature Tcf 350 °K
Volume V 100 lt
Heat-transfer term hA 7.5 � 105 cal/(min-°K)
Preexponential factor ko 7.2 � 1010 1/min
Activation energy term E/R 1 � 104 °K
Heat of reaction 
Hr �2 � 105 cal/mol
Reaction mixture density � 1 � 103 gr/lt
Coolant density �c 1 � 103 gr/lt
Reaction mixture specific heat Cp 1 cal/(gr-°K)
Coolant specific heat Cpc 1 cal/(gr-°K)
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Pab�s� � �aN1 � bN2 � cN3�� xNc1 � yNc2 � zNc3�

� �aD1 � bD2 � cD2�� xDc1 � yDc2 � zDc3� (23)

where the plants are given by

g1�s� �
N1�s�

D1�s�
(24)

g2�s� �
N2�s�

D2�s�
(25)

g3�s� �
N3�s�

D3�s�
(26)

for the above set of plants simple PI controllers

ci�s� �
Nci�s�

Dci�s�
�

ki1s � ki2

s
� ki1�1 �

1

�is
� , i � 1, 2, 3 (27)

were tuned. Hence, using the plant transfer function descrip-
tions and the controller settings shown in Table 1, the follow-
ing polynomials, and the 81 polynomials resultants of the
combinations of their even and odd parts, must be Hurwitz

q1�s� � N1Nc1 � D1Dc1 � s3 � 4.8458s2

� �0.0386k11 � 14.19�s � 0.0386k12 (28)

q2�s� � N1N2c � D1D2c � s3 � 4.8458s2

� �0.0386k21 � 14.19�s � 0.0386k22 (29)

q3�s� � N1N3c � D1D3c � s3 � 4.8458s2

� �0.0386k31 � 14.19�s � 0.0386k32 (30)

q4�s� � N2Nc1 � D2Dc1 � s3 � 2.6735s2

� �0.0411k11 � 10.968�s � 0.0411k12 (31)

q5�s� � N2N2c � D2D2c � s3 � 2.6735s2

� �0.0411k21 � 10.968�s � 0.0411k22 (32)

q6�s� � N2N3c � D2D3c � s3 � 2.6735s2

� �0.0411k31 � 10.968�s � 0.0411k32 (33)

q7�s� � N3Nc1 � D3Dc1 � s3 � 1.0969s2

� �0.0389k11 � 8.0074�s � 0.0389k12 (34)

q8�s� � N3N2c � D3D2c � s3 � 1.0969s2

� �0.0389k21 � 8.0074�s � 0.0389k22 (35)

q9�s� � N3N3c � D3D3c � s3 � 1.0969s2

� �0.0389k31 � 8.0074�s � 0.0389k32 (36)

A sufficient condition for all polynomials to be Hurwitz, is that
the following inequalities are met

1.0969�0.0389ki1 � 8.0074� � 0.0411ki2 and ki1, ki2

� 0 for i � 1, 2, 3

In this case, if 	(ki1) � 1.0969(0.0389ki1 � 8.0074) and

(ki2) � 0.0411ki2, then

	�k11� � 13.879 � 
�k12� � 8.1809

	�k21� � 11.565 � 
�k22� � 10.9834

	�k31� � 9.9751 � 
�k32� � 3.8264

Therefore, the interpolated controller

cxy�s� �
x�119.43s � 199.05� � y�65.18s � 267.24� � z�27.93s � 93.1�

� x � y � z�s
(37)

simultaneously stabilizes the plants given by

gab�s� �
0.0386a � 0.0411b � 0.0389c

a�s2 � 4.8458s � 14.1904� � b�s2 � 2.6735s � 10.9675� � c�s2 � 1.0969s � 8.0074�
(38)

Table 2. Operating Regions Design Values, Transfer Functions, and PI Controller Settings

Operating Region CA mol/lt T °K qc lt/min CA(s)/qc(s) (mol-min)/lt2 Poles Location kc mol/lt-°K �I min

1 0.08 441.27 99.93
.0386

s2 � 4.8458s � 14.1904
�2.43 � 2.8844i 119.43 0.6

2 0.1 438.54 103.41
.0411

s2 � 2.6735s � 10.9675
�1.3367 � 3.03i 65.18 0.2439

3 0.12 434.63 108.1
.0389

s2 � 1.0969s � 8.0074
�0.5484 � 2.7761i 27.93 0.3
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for all pair (a, b, c) � R3 such that a, b, c � 0, and if a �
0 then b 	 0 or c 	 0, if b � 0 then a 	 0 or c 	 0, and
if c � 0 then a 	 0 or b 	 0.

It remains as a task to specify the way both plant and
controller interpolation is done; notice that this is the aim of the
x, y, z and a, b, c coefficients in Eqs. 37 and 38, respectively.

For the problem at hand a more general approach for setting
both the interpolated plant and controller consists in forming
the global dynamic model [G(�)] by the combination of the
three local linear plants

G��� �
�1NG1�s� � �2NG2�s� � �3NG3�s�

�1DG1�s� � �2DG2�s� � �3DG3�s�
(39)

similarly the global control behavior will be given by the
interpolated response from the three local linear controllers

K��� �
�1NK1�s� � �2NK2�s� � �3NK3�s�

�1DK1�s� � �2DK2�s� � �3DK3�s�
(40)

This approach is more practical when testing different PI
controller settings since the algebraic procedure leading to Eqs.
37 and 38 could be tedious and prone to errors.

Switching Policy and Tuning

When a plant operates somewhere between two operating
regions, plant behavior is dictated by a combination of two
adjacent transfer functions; the computation of the global plant
and control behavior is the aim of the so-called interpolating
functions. Such functions are used to specify the way transi-
tions among plant and controller descriptions are done. The
desired transitions should be enough smooth so that hard dis-
continuities and strong control actions are avoided. In this
work, the interpolating functions (�i) description were taken as
those proposed in 11

�1 � �e��CA�0.08�2/0.0082

 CA � [0.08, 0.1]

0 
 CA � [0.1, 0.12] (41)

�3 � � 0 
 CA � [0.08, 0.1]
1 � e��CA�0.1�2/0.0082


 CA � [0.1, 0.12] (42)

�2 � �1 � �1 
 CA � [0.08, 0.1]
1 � �3 
 CA � [0.1, 0.12] (43)

notice that in Eqs. 37 and 38 x � a � �1, y � b � �2, and
z � c � �3, respectively.

In order to compute the best tuning parameters for transition
control of the set of 3 PI controllers, the following minimax
problem was solved

Min�Max
yout��
Kc1,�I1,Kc2,�I2,Kc3,�I3

s.t.

yout � Ul 
 �tl, tu� (44)

where yout stands for plant response in deviation form. Using
this optimization tuning approach the maximum value of the
plant response is minimized for any time. However, minimiz-
ing the maximum plant response might lead to closed-loop
responses far from the desired setpoint. To keep the plant
response close enough to the setpoint a constraint is added that
specifies that yout should be greater than a minimum bound
(Ul) for all the times between lower and upper bounds denoted
by tl and tu, respectively. In consequence, the Min Max opti-
mization problem may result in a local optimal solution. Table
3 contains a summary of all the results of the tuning compu-
tations done by using the Matlab optimization toolbox,12 and
the Matlab/Simulink connection facility for dynamic simula-
tion. The potential stability problem due to additional unmea-
sured disturbances can be approached using standard observer
techniques for parameters estimation. This problem will be
addressed in a future work.

Results

In this section, closed-loop results on the transition control
around the defined nominal operating regions are shown; in
order to obtain more realistic results small amounts of noise
were added to the output measured control signals. In all the
following closed-loop response figures “Interpolating Control”
means results obtained using our interpolated control approach,
while “Local Control” means simple PI control applied only to
the plant associated to the initial transition point. Initial and
ending transition points are shown in Table 3.

Regarding transition 1 (see Figure 1) notice that when using
the interpolated controller, a slightly oscillatory response is
observed damped as the final setpoint is approached. The
control effort is not so demanding partially due to the small
setpoint change. Note that the required control actions are
different depending whether an interpolated plant description
or the corresponding nominal one is used; this behavior is
perfectly valid because different plant representations are used
by each controller. Using an interpolated plant and control
descriptions transition 2 shows a more pronounced oscillatory
response. In comparison, using the corresponding plant repre-
sentation a smoother transition is observed. However, the be-
havior obtained using the interpolated controller must be closer
to the real expected situation simply because it uses more
information about the system to be controlled. Again, different
final control actions are observed for each controller. This
situation can be explained on the same ground as transition 1

Table 3. Initial and Final Transition Points and PI Controller Settings for Transition Control Between the Operating Regions

Transition Initial Final Ul tl tu Kc1 �I1 kc2 �I2 Kc2 �I3

1 0.08 0.1 0.083 20 100 119.43 0.191 65.9 0.18 27.93 0.2987
2 0.1 0.12 0.11 10 100 119.43 0.3302 200 0.05 100 0.7
3 0.12 0.1 0.1 40 100 119.43 0.3344 100 0.25 27.93 0.3
4 0.12 0.08 0.08 1 100 119.43 0.3344 65.91 0.2439 27.93 0.3
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was. Using an interpolated plant and controller description
transition 3 is not so difficult to carry out as observed in Figure
1. In fact, it is faster compared to the case of a single plant. This
is partially due to the interpolated nature of the control system
but also due to the intrinsic dynamic plant behavior as ex-
plained later on. With respect to transition 4 if an interpolated
controller is used it turns out that this transition is the simplest
one to carry out. Note that, contrary to transitions 1 and 2, the
local control shows oscillatory behavior as it also did in tran-
sition 3. Again, the difference in the final value of the control
action can be explained as we did in transition 1.

As noted from the earlier results, using interpolated plant
and controller descriptions transitions 1 and 2 were more
difficult to carry out in comparison to transitions 3 and 4. This
behavior is easy to explain if we recall, from Table 2, the poles
location for each nominal operating regions. In fact, we ob-
serve that the imaginary part of the poles is almost the same
independently of the operating region; however, the poles
location differ mostly in their real parts. Operating region 1 has
a faster constant time compared to operating region 3. There-
fore, due to the magnitude of the real and imaginary parts of the
poles location, region 3 must show stronger oscillatory behav-
ior. Finally, the reason why the manipulated variables take
different values when doing a closed-loop transition computa-
tion is due to the fact that the closed-loop simulations were
done using transfer functions representation of the plant dy-
namics. Because we use a single plant transfer function for
“traditional” SISO PI controllers, and three plant transfer func-

tions (depending upon the operating range) for interpolating
controllers, the final values of the manipulated variables in
those cases will not match exactly. Had we used the nonlinear
model representation of plant dynamics, the final value of the
manipulated variables should be the same.

Conclusions

We give two results about interpolated controllers for plants
with variable operating conditions, these results generalize
recent results for interpolated controllers and families of con-
trollers, where each one simultaneously stabilizes a certain
family of plants. On the basis of this result an application to the
closed-loop tracking control of a CSTR, where a single exo-
thermic reaction takes place, was presented. Using the inter-
polated controller approach better control was obtained for
more difficult to operate regions.

Literature Cited
1. McAuley KB, MacGregor JF. Optimal grade transitions in a gas phase

polyethylene reactor. AIChE J. 1992;28:1564–1576.
2. Takeda M, Ray WH. Optimal grade transition strategies for multistage

polyolefin reactors. AIChE J. 1999;45:1776–1793.
3. Astrom KJ, Wittenmark B. Adaptive Control. Addison: Wesley; 1989.
4. Prett DM, Garcı́a CE. Fundamental Process Control. Butterworths;

1988.
5. Astrom KJ, Hagglund T. PID Control in The Control Handbook.

Levine WS, ed. CRC Press; 1996.
6. Muramatsu E, Ikeda M, Hoshii N. An interpolated controller for

stabilization of plant with variable operating conditions. IEEE Trans
Automat Contr. 1999;44:76–80.

7. Vidyasagar M. Control System Synthesis. MIT Press: Cambridge, MA;
1985.

8. Muramatsu E, Ikeda M. Modeling of a magnetic levitation system via
an interpolated model. Proc 41st Ann Conf Inst Syst Contr Inform Eng
1997:11–12.

9. Muramatsu E, Yoki K, Ohtsuji T, Ikeda M. Modeling of a nuclear
plant dynamics via an interpolation approach. Proc 35th Ann Meeting
Atomic Energy of Japan; 1997;251.

10. Ghosh BK. An approach to simultaneous system design—Part II:
Nonswitching gain and dynamic feedback compensation by algebraic
geometric methods. SIAM J Contr and Opt. 1988;26:919–963.

11. Min-Sen C, Shan C. Internal model control design for transition
control. AIChE J. 2000;46:309–320.

12. Optimization Toolbox. The MathWorks Inc.
13. Fuhrmann PA. A Polynomial Approach to Linear Algebra. New York:

Springer-Verlag; 1996.
14. Lancaster P, Tismenetsky M. The Theory of Matrices with Applica-

tions. 2nd ed. Academic Press; 1985.
15. Bose NK. A system-theoretic approach to stability of sets of polyno-

mials. Contemp Math. 1985;47:25–34.
16. Narendra KS, Annaswamy AM. Stable Adaptive Systems. New Jersey:

Prentice Hall; 1989.

Appendix

In this appendix we give some necessary results to prove the
results in the previous sections.

Definition 1. The Bezoutian, Bez[ p( x), q( y)], of two poly-
nomials p(s) and q(s)13,14 is the symmetric matrix Bi, j where

p� x� � q� y�

x�y
� �

i, j

Bijx
iyj (45)

Lemma A1. Let pi(s) � ipmsm � . . . � ip0 be polynomi-
als with ipm � 0 for i � 1, . . . , T, such that pi

e(s2) � spj
o(s2)

Figure 1. Closed-loop tracking behavior for all the tran-
sitions, numbers refer to product transitions
as defined in Table 3.
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are Hurwitz polynomials for i, j � 1, . . . , T, where pi(s) �
pi

e(s2) � spi
o(s2) are the decompositions in even and odd part

of pi(s). Then ¥i�1
T aipi(s) is a Hurwitz polynomial for ai �

� such that either ai � 0 or ai � 0.
The above Lemma can also be proved using the results in 15

or in 10.
Proof of Lemma A1. Note that

�
i�1

T

aipi�s� � �
i�1

T

aipi
e�s2� � s� �

i�1

T

aipi
o(s2)�

Computing the Bezoutian and using lemma A2 from this ap-
pendix

Bez��
i�1

T

aipi
e(s), �

j�1

T

ajpj
o(s)� � �

i�1

T �
j�1

T

aiajBez�pi
e�s�, pj

o�s��.

By hypothesis pi(s) � pi
e(s2) � spi

o(s2) and pi
e(s2) � spj

o(s2)
are Hurwitz polynomials for i, j � 1, . . . , T and sgn(a1) �
. . . � sgn(aT). Then by lemma A3 from this appendix

Bez�pi
e�s�, pj

o�s�� � 0

for i, j � 1, . . . , T. In consequence ¥i�1
T aipi(s) is a Hurwitz

polynomial for either ai � 0 or ai � 0, because

Bez��
i�1

T

aipi
e(s), �

j�1

T

ajpj
o(s)� � 0

‚

Lemma A2.13 Let a(s), b(s) be polynomials with max[deg
a(s), deg b(s)] � n. Then:

(a) The Bezoutian Bez[a(s), b(s)] is a symmetric matrix.
(b) The Bezoutian Bez[a(s), b(s)] is linear in a(s) and

b(s).
(c) Bez[a(s), b(s)] � �Bez[b(s), a(s)].
Note that Bez[b(s), b(s)] � 0 for any polynomial b(s), by

(c) in Lemma A2.
Lemma A3.14 (The Liénard-Chipart criterion). Let a(s) �

ansn � an�1sn�1 . . . � a0 be a real polynomial and let
a(s) � ae(s2) � sao(s2) be its decomposition in even part and
odd part. Then a(s) is Hurwitz if and only if the coefficients of
ae(s) have the same sign as an, and the Bezoutian Bez[ae(s),
ao(s)] � 0 is positive definite.

Proof of Proposition 1. The family F12 is simultaneously
stabilized by the controller cxy(s) if the following polyno-
mial is Hurwitz @ a, b, x, y � R� � {0} or @ a, b, x,
y � R� � {0}

Pab�s� � �aN1�s� � bN2�s��� xNc1�s� � yNc2�s��

� �aD1�s� � bD2�s��� xDc1�s� � yDc2�s��.

the above polynomial can be rewritten as

ax�N1�s� Nc1�s� � D1�s� Dc1�s�� � ay�N1�s� Nc2�s�

� D1�s� Dc2�s�� � bx�N2�s� Nc1�s� � D2�s� Dc1�s��

� by�N2�s� Nc2�s� � D2�s� Dc2�s��

since the polynomials qi
e(s2) � sqi

o(s2) are Hurwitz for i � 1,
2, 3, 4. Then by Lemma A1, the polynomial Pab(s) is Hurwitz
@ a, b, x, y � R� � {0} or @ a, b, x, y � R� � {0}. ‚

Proof of Proposition 2.
(1) the case @ a, b, u, v � R� � {0} is proven. The F2

family is simultaneously stabilized by each controller in the
family of controllers c�uv(s) if the following rational function is
a strict positive real function of zero relative degree [that is,
SPR0 function, notice that a SPR0 function is a unit in
U(RH�)].
Pabuv � �an1 � bn2��u� x1 � r1d1� � v� x2 � r2d2��

� �ad1 � bd2��u� y1 � r1n1� � v� y2 � r2n2��

@ a, b, u, v � R� � {0} or @ a, b, u, v � R� � {0}. This
polynomial can be rewritten as:
Pabuv � au�n1x1 � d1y1� � av�n1x2 � d1y2 � r2�n1d2 � d1n2��

� bu�n2x1 � d2y1 � r1�n2d1 � d2n1�� � bv�n2x2 � d2y2�

combining the above equation with Eqs. 14 and 15
Pabuv � au � av�n1x2 � d1y2 � r2�n1d2 � d1n2��

� bu�n2x1 � d2y1 � r1�n2d1 � d2n1�� � bv.

now because Eqs. 16 and 17 in the Proposition 2 are SPR0
functions, positive constants are SPR0 functions and linear
combination of this SPR0 function,16 imply that Pabuv is an
SPR0 function, and a unit, too @ a, b, u, v � R� � {0}.

(2) the case @ a, b, u, v � R� � {0} is similar, however,
the set of SPR0 functions must be multiplied by (�1). ‚
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